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1 Topology in R". Domains and graphic representation

1. Consider the following functions:

fiRZSR, f(zy) =y1-22—y°

[ RZ=R, flz,y)=In(l—z+y), z,y>0
[ RE=R,  fz,y) =z +y)

fRE=R, f(z,y,2) = L

4q2 g2 2
For each function determine:
(i) the domain of definition and represent the graph of each function.

(ii) interior, exterior and the border.

(iii) if the domain of definition if an open set, a closed and bounded set.

2. Determine the domain of definition D and represent the graph of each of the
following functions:

1
@) f:DER =R, f@w2) = Grms
(b) [ DCRESR, [(oy)=1+y/~(x-y)’
(c) f:DCR* =R, f(:v,y)=\/17\/5

(d) f:DCR*—=R?,  f(z,y)=(e""Y In(z+y))
(e) frDCR* =R, f(x,y) = (2,9, 2* +¢?)
1
\/1—3:2—y2—z2
(g) f:DCR?2 =R, f(z,y)=+V22+y2—1—/9—22—y>

f) f:DCR* =R, f(z,y,2)=

3. Determine the domain of definition of each of the following functions:

( 1
(a) f(z,y)= In(z+y) (z,y):z4+y >0
JI—z—y ., (z,y):2+y<0
P )
b rey | B @O0
' o (z,9) = (0,0)
(In@Bz+y) , (z,y):3z+y>0
(c) fl(x,y) = ,
T4y ;o () :3r+y <0




Ve P |
@ fley={ -2 (2,9) : @ # 3y
0 ’ (xay)il':?)y

4. Consider the function f (z,y) =In(xy — 1) + \/9 —(z—1)% =42
Determine its domain of definition and represent it graphically.

5. Given theser A= {(z,y) ER*:24+y<1 A y—a<1 A y>0}, consider the

function:
T

y?+1

1 , (zy) ¢ A

Determine the domain of definition.

, (zy)eA
f(z,y) =



2 Limits and continuity

1.

. Proof that the funtion f(z,y) = 2&

r—y
x—i—y'

Consider the function f(z,y) =

(a) Determine the domain of definition f.
(b) Calculate the limit in the point (1,2).
(c¢) Calculate, if possible, the limit of the function at the point (0,0).

5 does not have limit at (0,0).

4 +y
zy?
. Proof that the funtion f(z,y) = PR does not have limit at (0,0).
Consider oy
\/TTyQ » (z,y) #(0,0)
flz,y) =
1 , (2,y) = (0,0)

Verify if there is a limit at the point (0,0)..

. Proof by definition that

lim —— £,
(2,9)=(0,0) /(22 + y?)3
22 — 2
. Calculate, if possible, the limit of the function f(x,y) = Qﬁ at the point
e +y
(0,0).
Consider -
T—yyz , (zy) sz #F Ly
flzy) =
1 , (zmyy):xz=+y

Verify if the function has limit at (0,0).

. Consider the functions in exercises 4 and 5. What can be concluded about the

continuity of each function at point (0,0).

. Consider

3 2
L @ £ 0,0)
f($7y): 4

0 ) ('r?y) - (0’0)

Verify if the function is continuous at point (0,0).



10. Study the continuity of the function:

y—2
L @£ 00

0 ) (‘T7y) = (070)

f(z,y) =

11. Given the function f: R? — R?:

f(x,y) = (fi(z,y), fa(2,9)) =

Study its continuity at point (0,0).

12. Consider the functions of exercises 5 and 6. Verify, for each function, if it is
possible to make it continuous at ponit (0,0).

13. Consider
334213

fag) =4 TV
0 , (z,y) =(0,0)
Study its continuity.
14. Consider the function:
=y (2,y) 1y # —ws
—_ z,y) : —zsinz
Flz,y) = y+axsing Y-y
1 , (r,y):y=—zxsinz

Proof that the function is not continuous at (0,0) . Justify.



3 Partial derivatives of 1st order. Differentiation. Directi-
onal derivatives. Gradient and Jacobian matrix

1. Calculate the partial derivatives of 1st order of the following functions:

(a) f(z,y) =22 +y?

(b) f(x7 y) = 22 + Sin(;cy)
_at -yt

(c) flz,y) = o

(d) f(z,y) = er=5y* — y2

(¢) f(z,y) = Insin (ﬂ)

(f) f(x7y7z): \/4—x2—y2—z2

2
2. Consider the function f(z,y) = ijﬂ Calculate, by definition, (%)(1,1) and
(ﬂ) .
oz (1,2)
3. Consider r+y
a0 09700
f(z,y) =
0 ’ (I’,y) = (070)
af af
Calculate <3x>(0’0) and (f?y)(o,o)'
4. Consider LY
P x # ty
flz,y) =
4 , T ==Ly
af af
Calculate (ax>(72772) and (8y>(727,2).
5. Consider 3 4
22°+3y
w—yp 0 V700
flz,y) =
1 . (2,9) =(0,0)

Determine (%) 00’



6. Given the function z = xy tan (g) . Verify that x% + 9z =2z.
T or Oy
7. Consider )
7y
Aty (z,y) # (0,0)
fla,y) =
0 » (z,y) #(0,0)

0
Determine <f> para todo o (a,b) € R2.
99/ (ap)

8. Consider the function:

2.’E2 o y3

O (a:,y) 7& (070)
fay =4 Y

0 , (z,9) = (0,0)

Calculate <0f> for all (a,b) € R2.
ox (a,b)

9. Consider the function f(z,y) = xy.

(a) Show that f it is a differentiable function at point (0,0).
(b) Calculate the gradient of f.
(c) Conclude that f is a differentiable function in R2.

)

(d) Using c), calculate the directional derivative at point (1, —1) according the
vector (0,2).

(e) Calculate the normal derivative of f at point (1,—1) according the vector
(0,2).

10. Consider the following function:

v  (x 0,0
. oy (z,y) # (0,0)
0 , (z,9) =(0,0)

Verify if the function is differentiable at point (0,0).

11. Consider

290 + 22y3

T S5 9 07 0
o) — ey (z,y) # (0,0)

1 , (‘737 y) = (07 O)



12.

13.

14.

15.

16.

17.

(a) Study the function continuity at point (0,0)

(b) With the result of a) what can be concluded about the differentiability of
the function at (0,0)? Justify.

Consider the function:

o y#F1

0 , y=1
Verify that f(z,y) is not differentiable at point (2,1).
Consider the differentiable function g(z,y) = sin(xy).

(a) Determine the gradient vector of g at point (0,0).

(b) Calculate the directional derivative of g at point (0,0), according the direc-
tion of vector (1,2).

(c) Calculate the normal derivative of g at point (0,0), according the direction
of vector (1,2)..

Determine the gradient of the following functions:

(a) f(z,y,2) = (z = 1)+ (y +2)* + (2 = 3)*, at point (1,-2,0).
(b) f(z,y) = 222 — 3wy + y? + 42 — 3y at the point where f/ = 0 and fy=0.

Consider the function f : R?> — R given by f(z,y) = xsin®y + 232, Justify in
which direction the normal derivative has the expression:

f'a (x,y) = sin®y + .
Consider f: R? — R3 given by:
flz,y) = (332 +y?, —322, Qxy) .
Determine the jacobian matrix of f.

Consider the functions f and g of exercises 9 and 13. Consider h : R? — R? a
differentiable function given by:

h(z,y) = (f(z,9),9(z,y)) -

(a) Determine the jacobian matrix of h.
(b) Determine h/,, using a).

(c¢) Calculate the directional derivative of h at point (1,2) according the vector
(1,1).



4 Chain rule

1.

. Being z = tan (:c2 + y2) with o = t? — 3t,y = logt. Calculate

Consider the function g(t) = f(z(t),y(t)) where f(x,y) = 2z + 2y, x(t) = sin(t)
and y(t) = cos(t).

(a) Determine the analytic expression of g(t).

(b) Calculate i—i, using the analytic expression of g(t).
dg . .
(c) Calculate 3 sing the chain rule.

0z

ot

. Being z = f(u(z,y),v(x,y)) with u(z,y) = 22 — y? and v(x,y) = ¥, determine

z z
the expression of each partial derivatives — and —.
oz y

Show that the function F' (z,y,2) = f (x — y,y — z, 2 — x) verifies the equation:
or Oy 0z

whatever the function f is.

. Show that for function z = y f (:c2 — y2) it is obtained:

1 0z n 102 =z
r Oxr yoy 2
0 0
. For function z = z%g (%) , with a a constant, calculate a—z and 8—Z
z Y

Being V (z,y,2) = zy*h (£, %), show that:

x@l+ 87‘/%—28—‘/—3‘/
Ox yay 0z



5 Higher order derivatives

Notation: 82f —3 8—f and an —2 ({Lf
T Oydxr Oy \ Oz oxdy Oz \dy )’

1. Consider the following functions:

(a) f(z,y) =In(z® +y?).

(b) f(z,y) = 2% + sin(zy).
(c) flz,y) = N

For each function calculate:

. Of of
(1) % and aiy
N A B o*f
(ii) , , and —5.
0x2’ Oxdy’ Oyox Oy?
(iii) Calculate the hessian matrix.

2 82
. Consider exercise 7 of Section 3. Calculate 6—@/2(1:, y) and 920y

(z,9).

. Being f(z,y,2) = ye* Y + xz. Calculate the hessian matrix.

. Consider g(x,y) = 2xy? + 4In(4z). Calculate the partial derivatives of 2nd order
of g.

. Being h(z,y) = y?e® +2y> — 1. Determine the expression of the 3rd order partial

3h 3h
derivatives aiwy(ac,y) and 2373

. Consider the function g(z,y) = €” In(y) + sin(z) In(y). Determine partial deriva-
2 3

3}
tives 8—yg(a:,y) and

. Consider the function:

xf_ny , TFELY
f(z, y) =
0 , T ==y
Calculate the value of the partial derivatives i(0 0) and 62—f(0 0).
o2 oy

10



6 Homogeneous function

1. Show that the following functions are homogeneous. Determine the homogeneous
degree and verify the Euler theorem:

(a) f(z,y) = 2% + 4y + 4y?
2

(b) f(z,y) =In <<~’ﬂy+xy>>

(¢) flx,y,z) = sin (ZL)

(d) fz,y) = /ya?

2. Consider f(z,y) an homogeneous function with homogeneous degree 2. Consider
the function:

g($’y) = If(l“,y)

(a) What is the homogeneous degree of g(z,y)?

(b) Show that ¢, and g; are homogeneous functions with homogeneous degree
2.

(¢) Show that g (x,y) verifies the Euler theorem.

3. Being
fla,y) = 2y 4y,

(a) For which values of k the function is homogeneous? What is its homogeneous
degree?
(b) For the value of k found, proof the Euler theorem.

4. Being V (z,y,2) = zy*h (£, %), show that:
oV oV oV

— —-— — =3V
T or +y8y +28z

5. Consider the following production function ¥ = AK®*L'~% k > 0,L > 0, the
Cobb-Douglas function with two production factors: Capital (K) and Labor (L).

(a) Determine its degree of homogeneity.
(b) Suppose o = 0.75, verify the Euler theorem.

(c) Proof that the marginal productivity of capital g—}; is an homogeneous func-
tion with homogeneous degree zero.

6. Consider z = f(u,v) a compound function in which v = 23 and v = z%y. It is
known that f(u,v) is an homogeneous function with homogeneous degree 2 and
of class C2. Still consider that

(%)(8,4) =1 and (%)(8,4) =2

11



(a) Calculate (%)(271) and <g?j>(2 y

(b) Determine f(8,4).

(c) What is the value of the derivative of z, at point (x,y) = (2,1), according
the direction of the vector (—1,0)? What is the name of this derivative?

12



