
Rn



Rn

f : R2 → R f(x, y) =
√

1− x2 − y2

f : R2 → R f(x, y) = ln(1− x+ y) x, y ≥ 0

f : R2 → R f(x, y) = ln(x+ y)

f : R3 → R f(x, y, z) = 1√
4−x2−y2−z2

D

f : D ⊆ R3 → R f (x, y, z) =
1

x2 + y2 + z2

f : D ⊆ R2 → R f (x, y) = 1 +
√

− (x− y)2

f : D ⊆ R2 → R f (x, y) =
1√

y −
√
x

f : D ⊆ R2 → R2 f (x, y) = (ex−y, ln(x+ y))

f : D ⊆ R2 → R3 f (x, y) =
(
x, y, x2 + y2

)

f : D ⊆ R3 → R f (x, y, z) =
1√

1− x2 − y2 − z2

f : D ⊆ R2 → R f (x, y) =
√

x2 + y2 − 1−
√

9− x2 − y2

f (x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

1

ln (x+ y)
, (x, y) : x+ y > 0

√
1− x− y , (x, y) : x+ y ≤ 0

f (x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

2x3 + 3y4

2x3 − y3
, (x, y) ̸= (0, 0)

1 , (x, y) = (0, 0)

f (x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

ln (3x+ y) , (x, y) : 3x+ y > 0

1

x+ y
, (x, y) : 3x+ y ≤ 0



f (x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

√
x2 + y2

3y2 − x
, (x, y) : x ̸= 3y

0 , (x, y) : x = 3y

f (x, y) = ln (xy − 1) +
√

9− (x− 1)2 − y2.

A =
{
(x, y) ∈ R2 : x+ y ≤ 1 ∧ y − x ≤ 1 ∧ y ≥ 0

}

f (x, y) =

⎧
⎪⎨

⎪⎩

x

y2 + 1
, (x, y) ∈ A

1 , (x, y) /∈ A



f(x, y) =
x− y

x+ y

f

(1, 2)

(0, 0)

f(x, y) =
xy

x2 + y2
(0, 0)

f(x, y) =
xy2

x2 + y4
(0, 0)

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

xy√
x2+y2

, (x, y) ̸= (0, 0)

1 , (x, y) = (0, 0)

(0, 0)

lim
(x,y)→(0,0)

xy√
(x2 + y2)3

̸= 0.

f(x, y) = 2
x2 − y2√
x2 + y2

(0, 0)

f(x, y) =

⎧
⎪⎨

⎪⎩

xy

x2 − y2
, (x, y) : x ̸= ±y

1 , (x, y) : x = ±y

(0, 0).

(0, 0)

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

x3+4y2

x2 − 5y2
, (x, y) ̸= (0, 0)

0 , (x, y) = (0, 0)

(0, 0)



f(x, y) =

⎧
⎪⎨

⎪⎩

y − 2

x+ 3
, (x, y) ̸= (0, 0)

0 , (x, y) = (0, 0)

f : R2 → R2 :

f(x, y) =
(
f1(x, y), f2(x, y)

)
=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f1(x, y) =
x− 4

2y + 2

f2(x, y) =
y − 3

x2+1

(0, 0).

(0, 0)

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

3x3+2y3

x2+y2
, (x, y) ̸= (0, 0)

0 , (x, y) = (0, 0)

.

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

x2y

y + x sinx
, (x, y) : y ̸= −x sinx

1 , (x, y) : y = −x sinx

(0, 0) .



f(x, y) = x2 + y2

f(x, y) = x2 + sin(xy)

f(x, y) =
x4 − y4

xy

f(x, y) =
√

ex−5y2 − y2

f(x, y) = ln sin

(
x
√
y

)

f(x, y, z) =
√

4− x2 − y2 − z2

f(x, y) =
2x

x2+y2
.

(
∂f
∂y

)

(1,1)(
∂f
∂x

)

(1,2)
.

f(x, y) =

⎧
⎪⎨

⎪⎩

x+ y

x2+y2
, (x, y) ̸= (0, 0)

0 , (x, y) = (0, 0)

(
∂f
∂x

)

(0,0)

(
∂f
∂y

)

(0,0)
.

f(x, y) =

⎧
⎪⎨

⎪⎩

xy

x2 − y2
, x ̸= ±y

4 , x = ±y

(
∂f
∂x

)

(−2,−2)

(
∂f
∂y

)

(−2,−2)
.

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

2x3+3y4

2x3 − y3
, (x, y) ̸= (0, 0)

1 , (x, y) = (0, 0)

(
∂f
∂x

)

(0,0)
.



z = xy tan
(y
x

)
. x

∂z

∂x
+

∂z

∂y
= 2z.

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

x2y

x4 + y2
, (x, y) ̸= (0, 0)

0 , (x, y) ̸= (0, 0)

(
∂f

∂y

)

(a,b)

(a, b) ∈ R2

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

2x2 − y3

x2 + y2
, (x, y) ̸= (0, 0)

0 , (x, y) = (0, 0)

(
∂f

∂x

)

(a,b)

(a, b) ∈ R2

f(x, y) = xy

f (0, 0)

f

f R2

(1,−1)
(0, 2)

f (1,−1)
(0, 2)

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

xy√
x2+y2

, (x, y) ̸= (0, 0)

0 , (x, y) = (0, 0)

(0, 0) .

f(x, y) =

⎧
⎪⎪⎨

⎪⎪⎩

2y5 + x2y3√
x2+y2

, (x, y) ̸= (0, 0)

1 , (x, y) = (0, 0)



(0, 0)

(0, 0)?

f(x, y) =

⎧
⎪⎨

⎪⎩

x

y − 1
, y ̸= 1

0 , y = 1

f(x, y) (2, 1) .

g(x, y) = sin(xy)

g (0, 0)

g (0, 0)
(1, 2)

g (0, 0)
(1, 2)

f(x, y, z) = (x− 1)2 + (y + 2)2 + (z − 3)2 (1,−2, 0)

f(x, y) = 2x2 − 3xy + y2 + 4x− 3y f ′
x = 0 f ′

y = 0.

f : R2 −→ R f(x, y) = x sin2 y + xy2.

f ′−→u (x, y) = sin2 y + y2.

f : R2 −→ R3

f(x, y) =
(
x2 + y2,−3x2, 2xy

)
.

f

f g h : R2 −→ R2

h(x, y) = (f(x, y), g(x, y)) .

h

h′x

h (1, 2)
(1, 1)



g(t) = f(x(t), y(t)) f(x, y) = 2x + 2y x(t) = sin(t)
y(t) = cos(t)

g(t)

g

t
g(t)

g

t

z = tan
(
x2 + y2

)
x = t2 − 3t, y = log t.

∂z

∂t

z = f(u(x, y), v(x, y)) u(x, y) = x2 − y2 v(x, y) = exy

∂z

∂x

∂z

∂y
.

F (x, y, z) = f (x− y, y − z, z − x)

∂F

∂x
+

∂F

∂y
+

∂F

∂z
= 0

f

z = yf
(
x2 − y2

)

1

x

∂z

∂x
+

1

y

∂z

∂y
=

z

y2

z = xαg
( y
x

)
, α

∂z

∂x

∂z

∂y
.

V (x, y, z) = xy2h
( y
x ,

x
z

)
,

x
∂V

∂x
+ y

∂V

∂y
+ z

∂V

∂z
= 3V.



∂2f

∂y∂x
=

∂

∂y

(
∂f

∂x

)
∂2f

∂x∂y
=

∂

∂x

(
∂f

∂y

)

f(x, y) = ln(x2 + y2)

f(x, y) = x2 + sin(xy)

f(x, y) =
x
√
y

∂f

∂x

∂f

∂y

∂2f

∂x2
,

∂2f

∂x∂y
,

∂2f

∂y∂x

∂2f

∂y2
.

∂2f

∂y2
(x, y)

∂2f

∂x∂y
(x, y).

f(x, y, z) = yex−y + xz

g(x, y) = 2xy2 + 4 ln(4x)
g

h(x, y) = y2ex+x2y3−1
∂3h

∂x2∂y
(x, y)

∂3h

∂x3
.

g(x, y) = ex ln(y) + sin(x) ln(y)
∂2g

∂y2
(x, y)

∂3g

∂y∂x∂y
(x, y).

f(x, y) =

⎧
⎪⎨

⎪⎩

xy

x2 − y2
, x ̸= ±y

0 , x = ±y

∂2f

∂x2
(0, 0)

∂2f

∂y2
(0, 0).



f(x, y) = x2 + 4xy + 4y2

f(x, y) = ln

(
(x+ y)2

yx

)

f(x, y, z) = sin
(x+y

z

)

f(x, y) = 3
√

yx2

f(x, y)

g(x, y) = xf(x, y).

g(x, y)?

g′x g′y

g (x, y)

f(x, y) = xky2+k + yx.

k

k

V (x, y, z) = xy2h
( y
x ,

x
z

)
,

x
∂V

∂x
+ y

∂V

∂y
+ z

∂V

∂z
= 3V.

Y = AKαL1−α, k > 0, L > 0
K L

α
∂Y
∂K

z = f(u, v) u = x3 v = x2y.
f(u, v)

C 2
(
∂f
∂u

)

(8,4)
= 1

(
∂f
∂v

)

(8,4)
= 2



(
∂z
∂x

)
(2,1)

(
∂z
∂y

)

(2,1)

f(8, 4)

z x, y
(−1, 0)


